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Abstract 

We establish a version of the Beurling-Pollard theorem for operator synthesis and 
apply it to derive some results on linear operator equations and to prove a Beurling- 
Pollard type theorem for Varopoulos tensor algebras. Additionally we establish a 
Beurling-Pollard theorem for weighted Fourier algebras and use it to obtain ascent 
estimates for operators that are functions of generalized scalar operators. 

1 Introduction. 

The Beurling - Pollard Theorem is the result (or a group of results, see [El IPol \Kal IKIL IW] ) 

stating that a function in the Fourier algebra of a locally compact Abelian group admits 
the spectral synthesis if it is sufficiently "smooth", or (and) its null set is sufficiently thin. 
Varopoulos 'V obtained a result of this kind for the tensor algebras C{X)^C{Y). 

Recall that by spectral synthesis in a commutative semisimple regular Banach algebra (or 
more generally, in a normed space of functions) one understands a possibility to approximate 
functions equal to zero on some set by functions equal to zero on a neighborhood of this set. 

Our first aim is to obtain a version of Beurling - Pollard theorem for operator synthesis. 
The latter means a synthesis in the special space of functions on the product of two measure 
spaces: the space of integral kernels of nuclear operators between i^-spaces. It should be 
noted that the measure spaces are not supplied with topologies, but their product carries 
a natural pseudo-topology and the "neighborhoods" are taken with respect to it. The im- 
portance of the operator synthesis for the theory of operator algebras and their invariant 
subspaces was discovered by Arveson A . 

We obtain the operator synthesis B-P theorem in Section 2. Then in Section 3 we apply it 
to the linear operator equations with normal coefficients. This allows us to obtain easily some 
results in |ShT2| and extend them to more general situations. More specifically, the main 
result of Section 2 gives an estimation of ascent for general "normal" multiplication operators 
via the Hausdorff dimension of one of the coefficient families. Moreover the estimates of the 
ascent are given in their strong form: as the statement on coincidence of the root space of 
an operator with the kernel of some of its power. 

It should be noted that the estimation of the ascent of linear multiplication operators 
is very important for the theory of linear operator equations (see for example ShT2 ). 
Moreover the classical forms of the spectral synthesis problems in group algebras can be 
reformulated in terms of the ascent of multiplication operators on the dual spaces of the 
algebras. 

In Section 4, using established in [StiTl] connection between operator synthesis and 
spectral synthesis in Varopoulos algebras, we obtain a strengthened version of the B-P 
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theorem of Varopoulos [V] and show that from this form of Varopoulos's theorem one can 
easily deduce the classical B-P theorem for Fourier algebras. 

In Section 5 we prove a B-P theorem for weighted Fourier algebras Aq,(T") on n- 
dimensional tori. In this theorem the conditions that provide synthesis for a function 
/ G j4q,(T"), depend on balanced Hausdorff measure (the notion introduced in [AKp of 
the null set of /. 

In the last section we apply the results of Section 5 to obtain estimates of the ascent for 
operators that are expressed as functions of commuting generalized scalar operators. As a 
special case this gives us the bounds for ascent of an elementary operators x — > X]r=i '^i^^i 
obtained previously in |AKj . 

We are indebted to Milos Arsenovic and Dragolyub Keckic for sending us a preprint of 
their very interesting paper jAK . 

2 The Beurling-Pollard Theorem for operator synthe- 
sis. 

First we recall some definitions and facts from IShTll IShT2j . Let (AT, /i) , {Y, v) be 
standard measure spaces with fi-finite measures. We say that a measurable subset M of 
A X y is marginally null if M C (Ai x F) U (A x Yi), where Ai(Ai) = v{Yi) = 0. If the 
symmetric difference of subsets M, A'' is marginally null we say that M, A^ are marginally 
equivalent and write M ~ A^. Following |EKSh| we define an w-topology on A x F such 
that the w-open (pseudo-open) sets are, modulo marginally null sets, countable unions of 
measurable rectangles, i.e. the sets ax (3 with measurable a, (3. The complements to w-open 
sets are called cj-closed or pseudo-closed sets. 

Let r(A, F) = L2(A, /i)®L2(y, z/), the projective tensor product of L2-spaces. Each 
^ S r(A, Y) can be identified with a function ^ : A x F — > C which admits a representation 

oo 

such that /„ e L2(A,^), 5„ G ^2(^,1^) and ll/n||L2 ' ll5n||L2 < oo- Such a function 

is defined marginally almost everywhere (that is uniquely up to a marginally null set). 
Moreover, 

00 

||*||r = inf^||/„||i, ■||5„|U,, 

n=l 

where infimum is taken over all representations J^l of 

By |EKSh| . each function G r(A, F) is pseudo-continuous, i.e. the preimage of any 
open subset of C is pseudo-open. We say that ^ vanishes on i? C A x F if Fxe = 
m.a.e. where xe is the characteristic function of E. For C r(A, Y), the null set, null J^, 
is defined to be the largest, up to a marginally null set, pseudo-closed set such that each 
function F ^ T vanishes on it. For a pseudo-closed set E, set 

$(£;) ^{^ e r(A, Y) : * vanishes on E}, 
$o(£^) = G r(A, y) : * vanishes on a pseudo-nbhd of E}. 

Then ^{E) and ^o{E) are closed subspaces of r(A, F), invariant under multiplication by 
Loo{X, fi) and Loo{Y, v) functions and such that null ^{E) ~ null ^o{E) = E. Moreover, if 
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A C T{X,Y) is another invariant closed subspace such that nuU E then ^o{E) C Ac 
'^>{E) C lShTll Theorem 2.1]). 

A subset E G X X Y is called a set of operator synthesis (or an operator synthetic set) 
(with respect to (/i, ;/)) if $(£') = ^oiE). 

The space T{X, Y) is predual to the space of bounded operators B{Hi, H2) from Hi ~ 
L2{X, fi) to H2 = L2{Y, ly). The duahty is given by 

00 

{X,^) = Y,{Xfn,gn), 
n=l 

where X e B{Hi,H2) and 'i>{x,y) — X^^i fn{x)gn{y)- It can be said that r{X,Y) is the 
space of integral kernels of nuclear operators. 

Let P{U) and Q{V) denote the multiplication operators by the characteristic functions 
oi U C X and V C Y. We say that T G B{Hi,H2) is supported in E G X x Y {oy 
E supports T) if Q{V)TP{U) = for each measurable sets U C X, V C Y such that 
[U xV)r\E Then there exists the smallest (up to a marginally null set) pseudo-closed 
set, supp T, which supports T. More generally, for any subset *H C B{Hi, H2) there is the 
smallest pseudo-closed set, supp 971, which supports all operators in 971 (see |ShTl| V 

For any pseudo-closed set E d X xY , the set dJlmaxiE) of all operators T, supported 
in i?, has support E. It is easy to check that ^rnax{E) is a 2?i x I?2-bimodule, where 
2?2 are the algebras of multiplications by functions in Lac,{X,fi) and LooiY^iy) respectively. 
Clearly VJlmax{E) is the largest cr-closed bimodule with support equal to E. There is also 
the smallest a-closed bimodule dJlmin{E) C B{Hi,H2) with support equal to E ( A ), and 
moreover 

MmaxiE) = ME)^, TlrmniE) = ^E)^ 

(see IShTlp . So a pseudo-closed set E a X xY is operator synthetic iff one of the following 
equivalent conditions holds: 

• mtrnaxiE) =m„^UE). 

• {X, *) for any X G B(iJi, i^a) and * G T{X, Y) with supp X CE C null ^. 

We will also consider the space Voo{X, Y) = L°°{X, fi)^L°°{Y, v) of all (marginal equiv- 
alence classes of) functions ^(a;, y) that can be written in the form with /„ G L°°{X, 
gn€L^iY,iy) and 

f2\\fn\\l<C, Y.\\g„\\l<C. 

n—1 n—1 

The least possible C here is the norm of in VooiX, Y). We have that Ko(^, Y)T{X, Y) C 
T(X,Y). 

The space B{Hi,H2) is a 14o(^, l")-module: for F = Y.n^ifn®gn e V°°{X,Y) and 
X G B{Hi,H2), we set 

00 

n=l 

where Mf is the multiplication operator by /. Here the sum converges in the norm operator 
topology. 
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We denote by the operator X i-^ F-X on B{Hi,H2). Let us say that F e Voo{X, Y) 
admits operator synthesis (is operator synthetic) with respect to (/i, v) if 

kerAj. = 9Jl,„,,(null F). 

Observe that the inclusion ker Ap C 97lma2;(null F) holds for any F € Voo{X,Y), see |ShT2l 
Lemma 4.1]. 

Note that if measures fi, v are finite then Voo[X^ F) C ^{X^ Y). In this case the notion 
agree with the one in spectral synthesis: F G Voo(-^, ^) admits operator synthesis with 
respect to (/i, v) \'R F ^ $o(null F), i.e. 

(T, F) = whenever supp T C null F. 

Indeed the equality (T, F) = {F ■ T, 1) shows that any operator synthetic element F of 
VooiX,Y) belongs to $o(null F). Conversely, if F € $o(null F) f] Voc{X,Y) then G 
r(X,y)n$o(null F) for any * G T{X,Y), and (F-r,^') = (T,F*) = whenever supp T C 
null F, implying F ■ T — 0. 

From now on we will assume that X, Y are compacts, X is a metric space with metric 
d and the Hausdorff dimension w < oo, and /i, v are cr-finite regular Borel measures on X 
and Y respectively. For x G X and A C X we denote by d{x,A) the distance between A 
and X, i.e. d{x,A) ~ infyg^(i(a:, y); we assume d(a;,0) = oo. 

Lemma 1. Let F C X x y sitc/i t/iat E'^ is a countable union of Borel rectangles. Then E 
is a union of countable number of compact sets and a marginally null set. 

oo 

Proof. Let -E"^ = An X Bn. Given e > there exist open sets v4fj D A^ and B^ D F„ 

n=l 

such that \ An) < e/2" and \ B„) < e/2" and thus (A^ x B^) \ (A„ x F„) C 

X^" X y U X X y;^ with fi{X^) < e/2" and uiYJ") < e/2" (X^" = \ An, Y^ = \ 5„). 

OO 

Set Fe = ( IJ X F,^J^ Then F^ is compact, F^ C F and F\Fe C {X^ x y) U (X x Y^), 
where X^ ^\]x'^,Ye^ U„ Take a decreasing to zero sequence Choosing A^^ ^ 

n 

Bl" so that A'^n' D An^+\ B'n" ^ Bn"^' ^e obtain X,^ D D Y,^^^ and 

(U^-J c (fl^^^ X y)|J(x X finj. 

As mI-'^eJ < £/c and i^(yjj < e^, F \ ((Jf^J is marginally null. □ 

k 

For a subset F of X x y and y G y, let 

F^ = {a:GX:(a:;,y)GF}, 

the X-section of F, defined by y. Then clearly, d{x, E^) = m{{d{x, xi) : (a;i, y) G F}. 

Theorem 1. Let E be a pseudo-closed set and let F G Vqc{X,Y) satisfy the condition 

\F{x, y)\ < Cd{x, Ey)P, for some C > 0. (2) 

Assume that p > w/2. Then ^IflrnaxiE) C ker A^?. In particular, if E ~ null F then F obeys 
operator synthesis. 
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Proof. Our first step is to prove that Ap{T) is a Hilbert-Schmidt operator for any T G 

For e > let £ — (ai, . . . ,an(e)) be a family of pairwise disjoint closed subsets of X 
such that diam ak < s and fi{X \ Uai) < e, and let Ck — Xafc/IIXctfelli where Xa^^ the 
characteristic function of the set ak- 

Denote by the projection onto the (finite-dimensional) subspace spanned by all e^. 
Then TPg e 62, TPg T, as e ^ and (F-T, *} = lim(TP£,P^') for each e r(X,y). 

Note that the condition (2) will be preserved if we delete from X and Y some subsets. 
Moreover, if for a given 5 > 0, the sets Xs C X , Ys C Y are such that fi{Xs) < S, i^iYs) < S 
then for Ts := Q{Y \ Ys)TP{X \ Ys) we have supp Ts C E n {X \ Xs x {Y \ Ys), Ts ^ T 
strongly as (5 0. Therefore if we prove that Ap{Ts) = for each 6 > 0, then it will imply 
that Ap{T) = 0. Taking this into account we may delete from X and Y some open subsets 
of small measures and assume (since i? is a pseudo-closed set) that E'^ is a countable union 
of Borel rectangles. Moreover, by Lemma ^ we may repeat this trick and suppose that 
E = 'J^^iEn for some compact sets En- 

For a closed subset a C X, let /3(a) = 7r2(-E fl (a x Y)), where tt2 is the projection on 
the second coordinate. Then /3(a) is Borel as a countable union of compact sets. As T is 
supported in E, TP{a) = Q{l3{a))TP{a). Thus 

n(e) 

\{TP£,F^)\ - |(^Q(/3(a,))TP£P(a,),F*)| 

i=l 
n{e) 

= I {TPeP{a^),Xo., {s)xpio.,){t)F{s, t)^{s, t))\ 

n(e) 

< ||TP£P(a,)l|eJ|Xo,(s)x,3K)W^(s,t)*(s,i)||L, 

i=l 

n{s) 

< Illl^e^ll • IIXa.(s)X/3K)W^(«'*)llio.llXa,(s)«'(s,i)||L. 
i=l 

/He) \ /„(,) X 1/2 

< \\T\\ EllX".(^)w«oWn^:*)llL lYW^M^i^M: 

< \\T\\\^Y\\xMx0iaMt)Pi'ML\ miL. (3) 

Choosing, for each t G /3(ai), a point s(t) e a^, one has 

IXa.(s)x,3(c<,)W^(s,0l < Cd{s,Ey < Cd{s,s{t))P < C(diam a,)" a.e. (4) 

As the Hausdorff dimension of X is w, we can choose a^ in such a way that X;rif (diam a^)"" < 
iiT, for some constant K which does not depend on e. Moreover, as w < 2p, we obtain from 
Q and igll 

/nie) \ 1/2 

\(TP,,F^)\ < \\T\\ ■ miL^C'^' I J2{diam a,)™ J < iCK)'/'\\T\\ ■ miL. 
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so that 

\\F-{TPe)\\e.<{CKY'^\\T\\ (5) 
Since TPg -^^ T, as e ^ 0, we have also 

K^^-T,*)! <D||r||||*||2 (6) 

for any * G T{X,Y) C L2{X x Y, fi x ly) and £> = {CKy/^. As r(X,r) is dense in 
L2{X X Y, ^ X ly) , this imphes F - T £ &2 with 

||i^-r||e, <i?||T||. (7) 

Now using ||SJ) and {T)) we have 

\\{F-T)P£-F-{TP£)\\e, < \\{F-T)P,\\e, + \\F-{TP£)\\e, 

< L'llTll + L>||T|| = 2L>||T||. 

Since {{F ■ TjPg - F ■ (TPf;),*} ^ 0, as e 0, for any 1- e T{X,Y), we have that 
{F ■ T)P£ - F ■ (TPs) "> weakly in 62. Then 



F-T^ \im{F-T)P£ = lim{{F-T)P£-F-{TP£)+F-{TPe)) = \im F-{TP£) e ImAj^le^ 

£-^0 e—>0 £— ►0 



Thus Af(T) 6kerAF|e2 nImAFles = {0}- □ 



3 Applications to linear operator equations in Hilbert 
space. 

Let A — {Ak}keK be a commutative family of normal operators with X^feeif II^^IP 
By (t(A) we denote the maximal ideal space of the unital C*-algebra generated by A. To 
any t E a{A) we associate a sequence X{t) — {t{Ai),t{A2), . . .) G hi the map t i— > X{t) is 
continuous and identifies a{A) with a compact subset of h- 

We say that the essential dimension, ess-dim, of a A does not exceed r > if there is 
a subset D of a{A) such that i?A(o'(A) \ D) ~ and the Hausdorff dimension dim(£)) < 
In particular, if all Ak are Lipschitz functions of one Hermitian (normal) operator with the 
Lipschitz constants Ck and J2keK^k °° then ess-dim(A) < 1 (respectively 2). If A is 
diagonalizable then ess-dim(A) = 0. 

Let for a bounded operator A : B{Hi, H2) — > B{Hi, H2), £a{0) be the root space of A: 

£A{0) = {TeB{HuH2) : ||A"(r)||i/" ^ 0, n ^ 00}. 

Corollary 1. Let A — {Ak}keK, B = {Bk}keK be two commutative families of normal 
operators on Hi and H2 satisfying J2k£K ll^fclP < Sfceif ll^fclP < 00. Suppose that we 
are given continuous functions fj, gj ( j £ J) on cr(A) and ct(B) respectively and let 

A(X)=^5,-(B)X/,(A) 

for X e B{Hi,H2). If ess-dim A = w and F{x,y) = Y.jej f]{x)93{y) ^ Ko(cr(A), ct(B)) 
satisfies 0) with E — null F and p > w/2 then ker A = £a{^)- 
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Proof. Assume first that A and B have cyclic vectors. Then all Ak and Bk can be realized 
on _L2(c(A), yu) and L2(cr(B), //) as multiplication operators by the coordinate functions and 
A{X) = F ■ X, where F{x, y) = J^jeJ fji^)93iy)^ l^^ v) ^ ^ ^i^)- By Theorem [T] and 
|ShT2l Proposition 4.7], we obtain ker Af = Mmaxi-wW F) = £i^p{Q). 

In the absence of a cyclic vector, decompose Hi and H2 into a direct sum of sub- 
spaces Hi = (Bj^iHj, H2 — ®°^iHj, where each Hj and Hj is invariant with respect 
to {Ak,Al}keK and {Bk,Bl}keK respectively and {Ak\H^}keK, {Bk\H'^} has cyclic vec- 
tors. Then each X e B{Hi,H2) can be written as a block-operator X = (Xij), where 
Xij — Pu2X\jji and Pff2 is the projection onto H^, and A(X) — {Aij{Xij)), where A^ is 

the restriction of A to B{H},H'j). Now if X e £a(0), Xij e f a,j (0) = ker Aij and hence 
X e ker A. □ 

Corollary 2. If, in notation of Corollary^ the function F{x,y) satisfies 0) with some 
p > then £a{0) = ker A'^' where k — {w/2p], the least integer which is not less than w/2p. 

Proof. It suffices to note that the operator A*^ corresponds to the function F{x,y)^ and to 
apply Corollary n □ 

Corollary 3. Let A = {Ak}keK, B — {Bk}k&K be two commutative families of normal 
operators on Hi and H2 satisfying J2keK ll^fclP ^ J2keK ll^felP < 

A{X) = BkXAk for X e i/2). 

keK 

If ess-dim A < 2n then ker A" = £a(0). 

Proof. Follows from Corollary |21 with fk{x) — Xk, gk{y) — Vk, for al\ k ^ K — J . □ 

This result extends |ShT2l Theorem 10.3] (where n was actually equal 1) and simultane- 
ously Corollary 10.4 of | ShT2 | where the restriction card K < oo was present and essential 
for the proof. 



4 Applications to spectral synthesis in Varopoulos and 
Fourier algebras. 

To formulate further results we have to recall the notion of spectral synthesis in harmonic 
analysis. 

Let A he a. unital semi-simple regular commutative Banach algebra with spectrum X, 
which is thus a compact Hausdorff space. We will identify A with a subalgebra of the algebra 
C{X) of continuous complex-valued functions on X in our notation. If C X is closed, let 

Ia{E) ^{a(^A: a{x) = for a; £ E}, 
I\{E) = {a(^A: a{x) = in a nbhd of E} 

and 

Ja{E) = PX{E). 

One says that a ^ A admits spectral synthesis for ^ if a G Jj^imiW /). 
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Let A* be the dual of A. For r G A* and a e A, define ar in A* by ar(6) = T{ab), and 
define the support of r by 

supp(t) = {x E Xa : at 7^ whenever a{x) ^ 0}. 

In other words supp(t) consists of all x £ Xa such that for any neighborhood U of x there 
exists a G A for which supp(a) C U and T(a) 7^ 0. Then a admits spectral synthesis iff 

r(a) = for each r with supp(t) C null(a). 

The Banach algebras we consider in this section are the Fourier algebras A(T") where 
T" is the n-dimensional torus, and the projective tensor product V{X,Y) = C{X)(§C{Y), 
where X and Y are compact Hausdorff spaces. 

Note that V{X,Y) (the Varopoulos algebra) consists of all functions F e C{X x Y) 
which admit a representation 

= (8) 
1=1 

where fi G C{X), g, e C{Y) and 

00 

^\\li\\c{x)\\gi\\c{Y) < 00. 

i=l 

V{X, Y) is a Banach algebra with respect to the pointwise multiplication and the norm 

00 

\\F\\v = inf ^ ||/i||c(x)||5i|lc(F), 

i=l 

where inf is taken over all representations of F in the form J2 fi(.x)9i{v) (shortly, ^ fi ®gi) 
satisfying the above conditions (see |V])- It is known that V{X,Y) is semi-simple, regular 
and its spectra is naturally identified with X xY . 

As above we assume that X is a metric space of Hausdorff dimension w. 

Theorem 2. Let F e V{X,Y) and a closed subset E of X x Y satisfy 

\F{x,y)\<Cd{x,Eyy (9) 

for all {x,y) Cz X xY and some C > 0. If p > w/2 then F G Jv{E). In particular, if 0) 
holds for E = null F then F admits spectral synthesis in V{X, Y). 

Proof. By Theorem ^ for any choice of finite measures /i and v, F ■ T — OifT G 
B{L2{X, n),L2{Y, v)) such that supp T C E. The arguments in the proof of |ShT21 Propo- 
sition 4.5] show that F G Jv{E). □ 

Remark 1. For w = n G N, X = T", y = T™, and p > w/2 the statement of Theorem El 
was proved by Varopoulos |3 Theorem 7.2.2] (using a different method) under a stronger 
condition on F: 

\F{x,y)\<Cd{{x,y),EY (10) 
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for all (x,y) ^ X x Y and some C > 0. Here d is the natural metric on T" x T™. He also 
proved that for any p < n/2, one can construct a set _E c T" x T" and F G y(T", T") such 
that F e Iv{E) \ JviE); \F{t)\ < C'\t - E\p. 

The case p = n/2 was left open in |^. It should be also noted that the condition 
is less restrictive and more convenient than (|10|l . not only because it does not need any 
metric on Y. For example, Corollary ^ below could not be deduced from Theorem El if in 
this theorem we had instead of 0. This indicates that Theorem El is a natural form of 
the Beurling - Pollard theorem for Varopoulos algebras. 

The next result is the classical Beurling - Pollard Theorem for the Fourier algebras. 

Corollary 4. // a function F G yl(T") satisfies inequality 

|/(t)| < Cd{t, null vt e T\ some C > 

then f admits spectral synthesis in ^(T"). 

Proof. Consider two linear mappings M and P (see [V]): 

yl(T") ->*^ F(T",T") yl(T") 

defined for / e A(T") and F e V{T\T') by 

Mfix,y)^ f{x + y), PF{x) = [ F{x~z,z)dz. 

Then M is an isometry and P o M = IdA{T^)- For a closed set £■ C T" let E* = {{x, y) : 
x+y e E}. Then by jVl Theorem 8.2.1] M''^Jv{E*) = Ja{E). Thus to prove the statement 
it remains to show that M f G Jy((null /)*). This follows from the inequality 

\Mf{x, y)\ = \f{x + y)\ < Cd{x + y, nuU /)" = ((nuU fYfr 

and Theorem 121 □ 



5 Beurling-Pollard type theorem for weighted Fourier 
algebras. 

In what follows we need a modification of Hausdorff dimension proposed in 'AKI . 

Definition 1. For a compact metric space X , its balanced Hausdorff dimension, bh{X), is 
the infimum of all positive numbers c that possess the following property: 

there exist positive constants N , P > such that for all 5 > there exists a finite 
covering X C Uj^i(3j (Pi H (3j = %) satisfying (i) 5/ P < diam /3j < 6 for all 1 < j < m and 

m 

(a) ^{diam (3jY < N. 

Let X be a compact metric space. For each e > 0, let N{e) be the smallest number of 
balls of radius e that cover X. Set 

mo{X) — ]immi{-~logN{e) /logt). 
This characteristic [the metric order oi X) was introduced in |PShn| . 
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Proposition 1. mo(X) = bh{X). 
Proof. Let c > 0. Clearly 

mo{X) < c => N{e) < Const e'" mo{X) < c. (11) 
If hh{X) < c then there are sets f3i, (3n of diameters between e/P and e such that they 

n 

cover X and '^^diam{j3iY < A {= const). Hence n < AP'^/e'^. Since any set of diameter 

i=l 

< e is contained in a ball of radius < e, it follows that N{f) < {AP'^)/£'^. So mo{X) < c. 

Conversely if mo{X) < c, then let us take N{e) balls covering X with radii < e. Removing 
some parts of the balls, we obtain non-intersecting sets f3i of diameter < e that cover X. We 
can then add to any of them a point sufficiently far from it such that the diameter of each 
will be e. It will be a balanced covering (with P = 1). Now diam{l3iY = N{e)e'^ < const 
by inj. □ 

The result shows, in particular, that if / : X ^ y is a surjective Lipschitz map between 
metric spaces then bh{Y) < bh{X). 

Another easy consequence of Propositionn]is the next lemma, proved in |AKI Lemma 2.2] 
by other method. 

Let us denote, for any e > and any subset of a metric space X, hy the e- 
neighborhood of E, i.e., E^ — {x e X : d{x,E) < e}. 

Lemma 2. Let E C M" be a set of balanced Hausdorff dimension < c and let for all s > 
Eg be the open e -neighborhood of E. Then m{Eg) < De"~'^ for some constant D > 0. 

N(e) 

Proof Given e > 0, let £; = |J B^e be a covering of E by the smallest number, N{e), of 

Nie) 

balls of radius e. Clearly, C [J i3i,2e, where Bi^2s is the ball with the same centrum as 

1=1 

Bi ,; and the radius 2e. Let Sn denote the unit ball in R". Then, as bh{E) — mo{E) < c, 
N{e) < conste""^, giving 

N(e) 

m{E,) < m{Bi^2e) = m(S'„)7V(e)(2£)" < conste"-^ 
j=i 

□ 

Let us for any a > 0, denote by ^^(T") the algebra of functions / G C(T") such that 

fit) = J2 ^it^ = E + i^D" < 

fcGZ" fceZ" 

where for k — (fci, . . . , /c„), t — (ti, . . . , t„) we write k ■ t — kiti + . . . kntn and |fc| = 
{kl + ... + fc2)i/2. Let PAfa(T") denote the dual space of A„(T"). 

Theorem 3. Let E C T" be a closed set of balanced Hausdorff dimension c, and let f £ 
LaS^) be such that \f{x)\ < Ad{x,E)"^ for any x G T" and some A > 0, m > 0. If 
m > c/2 + a or m = c/2 + a = n/2 + a, then f G Ja^E)- 
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Proof. For any e > and /3 > 0, set 

^ ' "I 0, |x| > 1 

and S,{x) = e-'^S{x/e)/\\Si\\i (|| • ||i is the Li(T")-norm). Then \\Se\\i = 1 and we have 

6,{k) = / S,{t)e'''' ^ e'''-° = 1, as e ^ 0. 

Thus, for / e A„(T"), T e PM„(T"), 

(T, /) - hm J2 f{k)f{k)Uk) = hm(r * <5„ /), 

where (•, •) is the scalar product in L2(T"). 
Our next step is to estimate ||r * (5£||2: 

\\T*5e\\L. = ||mfc)4(A:)}||,, <||{f(A;)/(l + |fc|r}||,^||{4(A:)(l + |A:|r}||z, 

fc:|fe|<i fc:|fc|>i 

It is easy to see that sup^ ;.|(5£(fc)| — C < oo. Hence 

[1] 

*::|fc|<i fe:|fe|<7 1^1=0 

for some other constant D. 

To estimate the second sum we use the exphcit formulas for the Fourier coefficients Se{k), 
given in |li Theorem 4.15]: Ss{k) = C(/3)|fc£|~"/^~'' J„/2+/3(27r|fce|), where J^, is the Bessel 
function and C(/3) is a constant depending on /3. 

As I Ji/(r)| < Ci,r~^/^ for r > 1, this gives us that for e|fc| > 1 



Mk)\<Cmke\ 



-ri/2-l/2-/3 



for some other constant C{f3). Thus, choosing (3 > a — 1/2, we obtain from the following 
estimation that 6^ G Aq(T") and 

Y \Ukmi + \k\r < Y i^p-— ^-^^ 

k:\k\>^ fe:|fe|>i 



2 



^ E \kr—'-''\kr' 

C{Pf a;2"--2-2/3^ 
- gn+1+2/3 y^ij "-^ 

D 1 D 



< 



-n+l+2f3 g2Q-l-2/3 ^2a+n 
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Let supp T C E. Then supp T * C and 

1/2 

\{T*S,J)\ < \\T*S,\\l, M \fix)\'dx 

< ||T||pMj|{4(fc)(l + |A:|ni|,, sup |/|(m(i?a null 

^ ^S^W^Wpm. sup I/I (m(i?a null f))'^^ 

for some constant D. 

If m > a + c/2, we choose 7 > so that m > a + c/2 + 7. As £' has balanced 
Hausdorff dimension c < c + 27 then, by Lemma[21 m{E^ \ null /) < m{E^) < Ce"~'^~'^^. 
As |/(a;)| < A d{E, a;)™ for any x, y £ T", we obtain now 

\{T*S,J)\ < D 1 em£n/2-c/2-7 < £,gm-c/2-Q-7, 

Thus we obtain 

(T,/} = lim(r*(5„/) = 0. 
If m = c/2 + a = n/2 + a we have also 

|(T * <5„ /)| < Z?_i^e"(m(i?, \ nuU f)f'^ = i?(m(£;, \ null f)f'^ ^ Q, as e ^ 0, 

and (T, /) = 0. □ 

Corollary 5. Let E C be a closed subset of balanced Hausdorff dimension c, and let 
f e Ia{E) be such that \ f{x)\ < Ad{x,E)"^ for any a; G T" and some A > 0, m > 0. If 
m > c/2 or m = n/2 — c/2 then f G Ja{E). 



6 Elementary operators and spectral synthesis 

Now we apply the results of Section O to the study of ascent of some operators on Banach 
spaces and, in particular, elementary operators on Banach algebras. 

Let B be a semisimple, regular, commutative Banach algebra with unit and let M be a 
Banach B-module. For any x G M set 

ann{x) ~{b£B\b-x^ 0}, 
Supp{x) — null{ann{x)). 

Then ann{x) is a closed ideal in B and Supp{x) is a closed subset in Xb, the spectrum of 
B. More generally, for any subset C C M we denote by Supp{C) the smallest closed set 
Supp{C) such that Supp{x) C Supp{C) for any x d C We will need the following simple 
lemma. 

Lemma 3. Let B be a commutative semisimple regular Banach algebra and let M be a 
Banach B -module. If f E Jb{E) then f ■ x = for any x G M such that Supp{x) C E . 

Proof. In fact, / e Jb{E) C Jb{Supp{x)) C ann{x). □ 
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Let A be a unital (not necessarily commutative) Banach algebra. We say that an element 
a £ A is a generalized scalar element if there are constants C and s such that 

\\e't'^\\<C{l + \t\Y,yteR. (12) 

In this case we say that a has order s. 

In particular, we may speak about generalized scalar operators. The concept has its 
origin in the work of Colojoara and Foias (see |SE|)- 

Let T = (Ti, r„) be a commutative family of generalized scalar operators on a Banach 
space X. We call by the order of T the number a = si + ... + s„ where Si are the orders of 
Ti. 

We denote by a{T) the joint spectrum of the family T (it was shown in [MPrRj that all 
classical definitions of joint spectrum coincide for commutative families of generalized scalar 
operators). We denote by c the balanced Hausdorff dimension of cr(T). 

The family T admits an Aa{T")-ca.\cu\us: 

f{T) = f{m) exp(zmT) 

mGZ" 

where mT = ^ m^Ti for m — (rni, to„). 

For a linear operator A on A" we will mean by the ascent^ asc A, of A the least positive 
integer such that ker A™ = ker A™+^. 

Theorem 4. If g G j4cj(T") is a Lip schitz function, andV — g{T) then asc V < [c/2+a] + l. 

Proof. We introduce an AQ,(T")-module structure on X setting f ■ x — f{T)x, x ^ X. It 
is not difficult to see that Supp{X) = t{T) := {(exp(ti), exp(t„)) : (ii,...,t„) e cr(r)}. 
Hence Supp{x) C t(T) for any x & X. 

Let V^x = for some N. Then g^ G ann{x), Supp{x) C null{g^) — null{g). Thus 
setting E = t{T) n null{g) we get that Supp{x) C E. 

Since bh{E) < c and \g"'(t)\ < C d{t,Ey'^ for each m, it follows from Theorem El that 
5™ £ J{E) if m > c/2 + a. Applying Lemma El we see that g™ • x = 0. This means that 
F™x = 0. □ 

Let now ai, 02, . . . , a„ and 61, 62, • ■ ■ , be commuting n-tuples of generalized scalar 
elements of a unital Banach algebra A of orders si , . . . , s„ and ri , . . . , r„ Let s = si + . . . s„ 
and r = ri + . . . r„. For a & A we denote by La and Ra the operators acting on A via the 
left and, respectively, the right multiplication by a. Let T = {La^ , . . . ia„ , ^61 , ■ • ■ -Rfc„ ); ^ 
is a commuting family of generalized scalar operators and the order of T does not exceed 
a = s + r. 

n 

We consider the "elementary" operator A — La^Rbi on A. 

1=1 

Corollary 6. 0^ Assume that the balanced Hausdorff dimension of (j{T) is less than or 
equal to c. Then asc{A) < [c/2 + a] + 1. 

Proof. We may assume that the norms of all a.i,bi are less than K < tt. Then A = g{T) 
where g{t) = Y^'^=i 'p{ti)'p{tn+i) and Lp{t) is a smooth 27r-periodic function such that (p{t) ~ t 
for |t| < K. Hence our statement follows from Theorem 0] □ 
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